On Problems of Torsion Analysis of Steel Members with Open Cross Section  by Melcher, J. & Karmazínová, M.
 Procedia Engineering  40 ( 2012 )  262 – 267 
1877-7058 © 2012 Published by Elsevier Ltd.
doi: 10.1016/j.proeng.2012.07.091 
Steel Structures and Bridges 2012 
On problems of torsion analysis of steel members 
 with open cross section 
J. Melchera* and M. Karmazínováa 
a Brno University of Technology, Veveri St. 95, Brno, CZ-602 00. Czech Republic 
Abstract 
This paper deals with the torsion analysis of steel members with thin-walled open cross section. The attention is paid 
mainly to the determination of resulting stresses accenting the different methods of their determination. Three basic 
approaches are discussed, namely the Vlasov's theory of thin-walled elastic members, the method based on modified 
bending and torsion analogy and the simplified method supplying the torsion by the effect of couple of forces. On the 
illustrative example the effect of torsion at steel crane girder has been analyzed using the confrontation of the aforesaid 
methods. Also some general notes and comments to the problem of torsion analysis and design of steel members are 
included.          
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1. Introduction 
     The basic technical theory of thin-walled member with open cross-section was developed by Vlasov [1], [2]. 
He applied the term “sectorial coordinate” for the first time and presented the subject of mixed torsion in a 
most outstanding manner. Further, the torsion analysis of thin-walled beams has been elaborated by 
Kollbrunner-Basler [3], Trahair [4] and Murray [5], for example. The attention has been paid also to practical 
aspects of torsion analysis and design – see for example Nethercot, et al. [6] and Melcher [13]. 
     Being dependent on type of open cross-section, member boundary conditions and type of loading, two kinds 
of torsion behaviour may occur, considering the Vlasov´s hypotheses: 
x Pure (St. Venant) torsion 
characterized by sole internal force Tt  (pure torsion moment) with resulting pure torsion shear stress τt  
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or           
x Mixed torsion 
combined of 
pure torsion (at mixed torsion) characterized by internal force Tt  and resulting shear stress τt  
and 
warping torsion characterized by internal forces B (bimoment) and Tw (warping torsion moment)  with 
resulting warping normal (longitudinal) stress σw  and warping torsion shear stress τw , respectively. 
     St. Venant torsion come into being in members with non-warping sections under any loading and boundary 
conditions, while in case of warping sections it originates just by uniform torsion. Mixed torsion originates only 
in members with warping sections under non-uniform torsion. 
     The applied external torque resulting from concentrated or continuous loading  
Text  =  P.e            or           mext (x) =  p(x). e 
produces the total internal torque T  at any cross-section along the member. 
     For pure torsion                                      T  = Tt   ,                                                                                       (1) 
while for mixed torsion  
                                                                 T = Tt +  Tw    .                                                                                 (2) 
     From Eq. (2) the differential equation of mixed torsion for prismatic member follows: 
                                                        EIw φIV – GIt φII  =  mext (x)  ,                                                                     (3) 
where is   EIw  -  warping rigidity,   GIt  -  pure torsion rigidity  and  φ  -  angle of twist. 
     Taking into account the boundary conditions the solution of Eq. (3) gives the angle of rotation 
φ(x)  and consequently the internal forces 
                                 Tt = GIt φI(x)      ;      B = – EIw  φII(x)      ;       Tw =  – EIw  φIII(x)                                 (4) 
and lastly the corresponding stresses  τt  ,  σw  and  τw .      
2. Relation of pure to warping torsion effects 
     The relation of pure to warping torsion effects within the mixed torsion problem depends on the rate of pure 
torsion rigidity GIt  to warping rigidity EIw  in Eq. (3). The non-dimensional mixed torsion parameter  
                                                         Kt  =  (kL)  =  L wt EI / GI                                                                    (5) 
can be used for the relevant explanation. 
     Usually the influence of mixed torsion parameter to the effect of various types of cross-section on torsion 
member behaviour has been emphasized – see for example Fig. 10.5 in [3] or Fig. 8.2 in [4].  For practical 
understanding of torsion member behaviour the influence of variable non-dimensional mixed torsion parameter 
at certain type of cross-section can be illustrative, as well. 
     So for certain dimension of I-section, for example, the actual value of bimoment B can be expressed through 
bimoment B0 determined for pure warping ( i.e. for GIt = 0 )  by 
                                                                             B  =  B0 ( 1 – κ )    ,                                                               (6) 
where κ is the correction factor for actual pure (St. Venant) torsion rigidity GIt , depending on torsion 
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parameter Kt = (kL) defined by Eq. (5). The characteristic distribution of correction factor κ in the entire range 
of actual steel members peculiarities is shown in Fig. 1.  
Fig. 1. The characteristic relation of pure and warping effects - there is the parameter κ  on vertical axis  
 
     It may be observed that for “long span” beams ( kL = Kt  >  15, for example ) the warping torsion effects 
can be neglected, while for “short span” beams ( closely to kL = Kt = 0 ) the pure torsion has no significance.   
     Thus for the relation of pure to warping torsion effects not just the type of cross-section  (cold-formed 
profile, hot-rolled profile, box section, e.t.c.) but for certain section type also the member length (included in 
torsion factor Kt ) is being conclusive. 
3. Approximate methods of torsion analysis  
     In most practical design situations of combined bending and torsion of a steel beam the check of eventual 
normal stresses caused by bending moment M and bimoment B is decisive. The shear stresses contribution is in 
practice not of notable significance - see also [7]. Thus our subsequent deliberations and design approximate 
calculations can be based mainly on the bimoment analysis. 
3.1. Modified analogy of bending and torsion 
For  GIt = 0  the Eq. (3) for mixed torsion EIw φIV = m(x)  is fully analogous to the ordinary bending problem 
described by  Eq. EIy uIV = p(x) . So the well-known solutions for the elementary plane bending can be easily 
rewritten to analogous expressions of simple torsion analysis, provided we ignore the influence of real torsion 
factor Kt to the resulting accuracy. This is the substance of the so-called simplified analogy.  
     Our modified analogy between torsion and bending problems keeps the advantages of simplified analogy 
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but the resulting torsion effects are corrected to the actual pure torsion rigidity – see [8], [9], [10]. As 
substantiated earlier the modified analogy is based on the bimoment analysis. Using the Eq. (6) the correction 
factor of actual pure torsion rigidity is given by 
                                                                κ   =   (B0 – B) / B0    ,                                                                       (7) 
where  B0  =  M . e   is the bimoment determined by simplified analogy (i.e. for GIt = 0 ). 
Based on Eqs. (6), (4) and (2) the internal forces of mixed torsion are 
                              B = M . e ( 1 – κ )      ,      Tw = BI = V. e ( 1 – κ )       ,      Tt = V. e . κ   ,                          (8)           
in which    M and V are the bending moment and shear force respectively, derived from the  transversal load 
applied with the eccentricity e towards the shear centre (the values of M and V  shall be 
determined for the boundary conditions analogous to the torsion ones), 
                   κ  is the correction factor defined behind the Eq. (6).  
 
     The course of correction factor κ according to Eq. (7) has been analyzed for different cases of load and 
boundary conditions in [8]. The concept of torsion analysis based on modified analogy has been included into 
the Czech National Annex ČSN EN 1993-1-1/NA 1997 and in the Slovak National Annex to EN 1993-1-1/NA, 
as well.  
3.2. Substitute  method supplying the torsion by the effect of couple of forces 
     Sometimes the simplified understanding of torsion analysis used to be applied in beam designing: The 
applied torque is replaced by a couple of forces acting at the top and bottom flange of I-section. The resulting 
flange bending stresses σw are assumed to be equal to the stresses due to non-uniform torsion. In the par. 
6.2.7.(7) Torsion of the EN 1993-1-1 the similar simplification for design of members subject to torsion is 
being introduced:  “…… in the case of member with open cross section, such as I or H, it may be assumed that 
the effects of St. Venant torsion can be neglected.”  In our national standards and design practice such approach 
has been displaced before about more than thirty years.   
4. Confrontation of different calculation approaches on illustrative example 
For the collation of different torsion analysis described earlier we have selected the steel crane girder with 
loading and geometry arrangements according to Fig. 2.  
 
The vertical and horizontal forces are Fz1 = 136 kN, Fz2 = 36,2 kN, Fy1 = 15 kN and Fy2 = 2,9 kN. The 
corresponding non-dimensional mixed torsion stiffness parameter is kL =  3,08. 
 
Fig. 2. Illustrative example of beam and loading arrangements 
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     The resulting values of warping normal stresses σw , shear stresses  τw and  τt   are presented in Fig. 3 and 
Fig. 4 based on the Vlasov´s technical theory (a), on the modified analogy between torsion and bending (b) and 
on the substitute method supplying the torsion by the effect of couple of forces (c).  
Fig. 3. Resulting warping normal stresses 
 
Despite the insignificant value of the corresponding torsion stiffness parameter kL = 3,08 (see accordant 
scheme in Fig. 1) the discrepancy in outcomes of the simplified analogy neglecting the section pure torsion 
rigidity GIt  will be hardly acceptable, especially in the range of prevailing stiffness torsion parameters of the 
actual members (kL = 3 by 6) . 
Fig. 4. (a) Resulting shear stresses  
5. Notes to conventional objections to modified analogy and elastic torsion analysis 
Two disputable objections are presented in relevant discussions. Firstly, the opinion that the substitute 
method supplying the torsion by the effect of couple of forces gives safe results is being stressed at times. The 
comparison of the “safe” and valid solutions illustrates Fig. 1. Secondly, sometimes a depreciatory accent to 
elastic theory of structural analysis and substantial importance of the plastic theory is being emphasized. We 
have discussed the related problems in [12], [13] for example. The problem of load carrying capacity is not 
only the problem of ultimate strength but also the problem of appurtenant displacements (deflections, strain, 
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twist) - see interpretation in Fig. 5. Torsion behaviour of thin-walled structural members with open cross-
section is characterized by a large twist in the plastic range that is not acceptable in a real structure. Thus in 
general, the corresponding design based on the plastic torsion theory is nonsense. The design limit state isn’t 
any (science)fiction but a reality which could occur during the structure operation.      
  
Fig. 5. Examples of different displacement/strength behaviour 
6. Conclusions  
     In this paper the advantages of modified torsion analysis (simple calculation and acceptable accuracy) have 
been presented comparing with the technical theory and method supplying the torsion by the couple of forces. 
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